The queueing process of a general G~/G/l queue cannot be solved analytically except for some cases, or even if it is solved, only a complicated so~ lution is obtained, from which it is not easy to get numerical values of the characteristic quantities such as the steady state distributions of the waiting time and the queue length. From this and other reasons, it is useful to study closeness, continuity, order relations, and so on, among queueing models.
Introduction
The queueing process of a general G~/G/l queue cannot be solved analytically except for some cases, or even if it is solved, only a complicated so~ lution is obtained, from which it is not easy to get numerical values of the characteristic quantities such as the steady state distributions of the waiting time and the queue length. From this and other reasons, it is useful to study closeness, continuity, order relations, and so on, among queueing models.
In this paper, a stochastic order relation is considered, which is defined as follows ( cf. [6] ). For random variables X and Y, or their distributions The purpose of this paper is to study stochastic order relations among GI/G/l queues, where a queue is called stochastically larger ( smaller ) if the steady state distribution of the number of customers in its system is • stochastically larger ( smaller ). We only deal with the queues which have a common traffic intensity since such case is interested from a practical point of view but it has been scarecely studied. 193 
© 1976 The Operations Research Society of Japan

194
M. Migazawa
Daley and Moran [ 4] showed that. if the service time and the interarrival time are stochastically smaller and larger. respectively. then the steady state distributions of the waiting time and the queue length in a GI/G/l queue is stochastically smaller under some nonarithmetic condition.
For a GI/G/a queue. similar results were obtained under more restrictive conditions by Jacobs and Schach [ 6] . These results have large generality. but queues with a common traffic intensity cannot be compared with each other.
Stoyan and Stoyan [14] also studied more general order relations and got similar results in GI/G/l queues. By their method. the waiting time distributions of two queues with a common traffic intensity are compared with in some cases.
But those order relations are always weaker than the stochastic one. and we cannot obtain stochastic order relations adapted to our purpose. These authors used monotone property of the waiting time process. and the difficulty lies in that we cannot use this monotonicity.
So we give attention to important but easily analysed queues such as 
Loynes [8] We investigate stochastic order relations among queues with a common 
Stochastic order relations
Now we show main results of this paper. Firstly we prepare some lemmas, from which we obtain some interesting corollaries. Let t and t' be the nth n n arrival and departure times of customers respectively. And let l' be the nth n departure time of a customer after time o concerning the stationary, limiting { +00
process Z*(t)}t=_oo. We also introduce the following notations. n n n n n n A ( = (ET)-l ) w.p.l as n tends to infinite.
We prove, so called, conservation laws concerning the queue length pro-+00 cess ( c.f. Brumelle [ 3] ). At the first place, the process {Z(t)}t=O is com-+00 pared with the process {Ln}n=l in a GI/G/e queue. As illustrated in (i) of 
is, the time measured from the ith departure time to the arrival epoch of the
, under the assumption that p{ T-S> 0 } > 0, we get, from (3.1), Lemma 2.1 and its Remark, and
for any nonnegative integer j. By the assumptions of GI/G/e, Tl and Ll are independent of each other, so we obtain
The comparison of the time interval { t ; l.(t) > 1 }. 
where the equality of (3.4) holds if T has an exponential distribution.
Remark The equation (3.3) and therefore this lemma is true for a general GI/G/a queue without any ass~ption. But it will'be accompanied by lengthy proof ( cf. Appendix of Miyazawa[l2] ). We don't deal with this general case since we are mainly concerned with a GI/G/l queue, in which the assumption of this lemma is always satisfied.
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In the second place, the process {l(t)} is compared with {L~} in a GI/G/l queue. As shown in (~) of Fig. 3 
where the equality of (3.7) holds if S has an exponential distribution.
Now we obtain two classes of queues 'i17hich are stochastically larger and smaller than M/M/l queues from Lemmas 3.2 and 3.3.
Theorem 3.1
Proof·
Assume that a queue is F~G.ll. From (3.4) and (3.7), we have, for any nonnegative integer j3
where the equalities of (3.8) and (3.9) hold if FA = M and G A = M. So, for an M/M/l queue, the equalities of (3.8) and (3.9) hold, and the values of p{ L ~ j } and p{ l* ~ j } ( j = 0,1,'·· ) are determined rec.ursively by them.
It is clear that p{ L ~ j } and p{ l* ~ j } satisfying (3.8) and (3. Thus we obtain a half of Theopem. For a FB/GB/l queue, it is proved in like manner.
Corollary 3.1
In a GI/G/l queue, we have 
Lemma 3.4 In a GI/G(k*) /a queue, where G(k*) means that the distribu-
tion of S is the k-fold convolution of some distribution with itself,
In a similar way of getting (3.3) and (3.6), we obtain
Lenma 3.5 (i) In a GI/G(k*)/a queue satisfying that p{ T-S
we have, for any nonnegative integer j,
(ii) In a GI/G(k*)/l queue, we have, for any nonnegative integer j, 
Proof.
Assume that a queue is F~G~k*)/l. Then each phase has the distribution G A • So, combining (3.11), (3.12.), and (3.13), we have (3.14) [ 2] ) and the relations between the queue length and the waiting time ( ~f. [4] , [10] , and [11] (
1) GI/M/l queues
In this case, it is well known that the distribution of L is given as follows ( cf. p 126 of Prabhu [12] ).
where ~ is the smallest positive root of the equation:
For an E~M/l queue, (4.2) is equal to 
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(2) M/G/l queues
We study stochastic order relations among M/Ek/l queues ( k = 1.2.··· )
and an M/D/l queue. For these queues. we have already obtained partial answer in the previous section ( Corollary 3.3 ). Now we strengthen this result to the relation that M/E~l ~M/Ek+l/l ( k ,. 1 
.2.··· ). For a general M/G/l
queue. the distribution of L is also known ( cf. Prabhu [13] ). But it is difficult to study stochastic ordering by using those results since they are not so simple as in a GI/M/l queue. Here we devise another method. We use the relation (3.14) satisfied by the number of phases H. where the equality of (3.14) holds for an M/E~l queue. Let a positive integer k be fixed. And let
where H is the number of phases in an M/E:~l queue. Similarly. we define the +00 sequence {bi}i=l for an M/Ek+l/l queue. Note that these two sequences are not increasing in i. The relation (3.14) gives the next equations. 
for n = 0.1.2.···. By the very definitions of the two sequences. these inequalities are satisfied for n = O. We show that these inequalities for n = 1 are derived only from (4.5). 
where the last inequality is obtained since Table 4 .1 ), but the author cannot yet prove it. Using a well known formula of the LaplacE! transform of the probability distribution of L of an M/C/1 queue ( cf. [13] ), i t is easily obtained that,
it is not easy to get further results from the formula.
Summary of results and further problems
Now we aggregate the results in the preceding sections in the following diagram of stochastic order relations. In the diagram, it is assumed that queues have a common traffic intensity less than 1.
(1) It seems to be rather surprised that a strong relation such as stochastic ordering holds for many queues with a common traffic intensity. But, the obtained results and numerical calculations may insist that stochastic order relations are effective in larger extent. These problems remain to be solved.
Here, we give some remarks to the queue length of a many-server queue and to the waiting time.
The extensions of our method to many-server queues are difficult except for special cases since the relation (3.6) must be replaced by the complicated one for GI/G/e such as: Our numerical calculations show that (5.3) is not true for the number of customers in the system, but it is conjenctures that (5.3) holds for the queue length ( see Table 5 .1 ).
Next we note on the waiting time. The waiting time process wouldn't be dealt with by the method in Sec. The values of p{ l* ~ j } in M/Ek/C ( C 3, P 0.6, and l* is the number of customers in the system ). These problems also wait for further studies.
